Abstract. The article is devoted to remarkable interrelation between the norm estimates for k-plane transforms in weighted and unweighted L p spaces and geometric integral inequalities for crosssections of measurable sets in R n . We also consider more general j-plane to k-plane transforms on affine Grassmannians and their compact modifications. The article contains a series of new integral-geometric inequalities with sharp constants, explicit equalities, conjectures, and open problems.
Introduction
Let A n,k be the affine Grassmannian bundle of all unoriented kdimensional planes in R n , 0 < k < n. We denote by G n,k the Grassmann manifold of k-dimensional linear subspaces of R n , i.e., k-planes passing through the origin. Each k-plane τ ∈ A n,k will be parameterized by the pair (ξ, u), where ξ ∈ G n,k and u ∈ ξ ⊥ , the orthogonal complement of ξ in R n . The manifold A n,k is endowed with the product measure dτ = d * ξdu, where d * ξ is the O(n)-invariant probability measure on G n,k and du denotes the Euclidean volume element on ξ ⊥ . We will be dealing with standard spaces L p (A n,k ) and the corresponding the weighted spaces
where || · || p is the usual norm in L p (A n,k ) and |τ | stands for the Euclidean distance from the origin to τ .
The k-plane Radon-John transform of a sufficiently good function f on R n is a function R k f on A n,k defined by 2) where d τ x is the Euclidean volume element on τ . A more general jplane to k-plane transform (or (j, k)-transform for short) takes a function f on A n,j to a function R j,k f on A n,k , 0 ≤ j < k < n, by the formula
Here d τ ζ stands for the canonical measure on the affine Grassmann manifold of all j-dimensional planes in τ . In the case j = 0, 0-planes are just points, so that A n,0 = R n and R 0,k = R k . A background information about k-plane transforms can be found, e.g., in the books by Helgason [36] , Markoe [44] , and Gonzalez [28] , containing many references on this subject; see also Keinert [37] and Rubin [53, 56] . These publications are mainly focused on inversion and range characterization problems. More general (j, k)-transforms, which fall into the scope of the general Helgason's group-theoretic double fibration setting, were apparently first mentioned by Strichartz [66, p. 701] . The papers by Graev [30] , Gonzalez and Kakehi [29] , Rubin [54] , Rubin and Wang [57, 58] deal with inversion formulas for these transforms. See also Strichartz [67] regarding L 2 harmonic analysis on Grassmannian bundles.
A tremendous activity related to L p -L q norm estimates for Radon transforms was initiated by pioneering papers of Solmon [63, 64] , Oberlin [47] , Calderón [9] , Oberlin and Stein [48] , Strichartz [66] , Christ [11] , Drury [19, 20, 21, 22, 23] . Sharp constants and extremizers for Radonlike transforms were studied in the recent papers by Christ [12] , Drouot [16, 17, 18] , and Flock [24] : see also Baernstein II and Loss [2] , Bennett, Bez and Gutirrez [3] , Gressman [31, 32] , Oberlin [49] , Tao and Wright [68] for further developments and perspectives. Norm inequalities with sharp constants for k-plane transforms and (j, k)-transforms in weighted spaces (1.1) were obtained by Rubin [55] .
Besides afore-mentioned purely analytic issues, our concern is related to the variety of publications in the area of integral geometry and probability dealing with volumes of cross-sections of geometrical objects. This direction of investigation amounts to the pioneering works by Steiner, Minkowski, Blaschke, and subsequent publications of many authors. Numerous related references can be found in the books by Burago and Zalgaller [6] , Gardner [26] , Schneider [61] , Schneider and Weil [62] ; see also the papers by Schneider [60] , Grinberg [34] , Lutwak [43] , Gardner [27] , Bianchi, Gardner and Gronchi [5] , Chasapis, Giannopoulos and Liakopoulos [10] , Dann, Kim and Yaskin [14] , Dann, Paouris and Pivovarov [15] , Dafnis and Paouris [13] , to mention a few.
In fact, the functional-analytic and geometric approaches are closely related because many results in analysis can be converted into similar statements in geometry, and vice versa. For example, an intimate connection of the Busemann intersection inequality [7] to the Oberlin-Stein L p -L q estimate for the Radon transform [48] was noticed by Lutwak [43, p. 162, (3) ]; see subsection 4.3 for details. One of our aims in the present article is to extend Lutwak's remarkable observation to more general Radon-like transforms, derive new inequalities, and formulate some conjectures.
Plan of the Paper. In Section 2 we review basic facts related to norm inequalities for operators (1.2)-(1.3) and consider the corresponding weighted and unweighted inequalities for planar sections of measurable sets in R n . The main focus is made on sharp constants and their asymptotics as n → ∞. Section 3 contains description of the transition from Radon transforms on affine Grassmannians to Funk type transforms on the unit sphere and compact Grassmannians. The results of this section are used in Section 4 to obtain new geometric inequalities for dual intrinsic volumes and central sections of star sets.
Main Results. The main new results of the paper are the general inequalities (2.25) and (2.30), Conjectures 2.4 and 4.2, Theorems 3.3 and 3.6. The paper contains many consequences of these statements which might be of independent interest.
Notation. We will be using the same notation as in (1.1)-(1.3); V n (·) denotes the n-dimensional volume function; σ n−1 = 2π n/2 /Γ(n/2) is the area of the unit sphere S n−1 in R n ; dθ stands for the surface element of S n−1 ; d * θ (= dθ/σ n−1 ) is the corresponding normalized surface element. The notation d * (·) is also used for the probability measure on Grassmann manifolds. We write B n = {x ∈ R n : |x| ≤ 1} for the unit ball in R n ; b n denotes the volume of B n , so that
A compact subset of R n is called a body if it is the closure of its interior. As usual, for 1 ≤ p ≤ ∞, the notation p ′ stands for the dual exponent, so that 1/p + 1/p ′ = 1. We say that an integral under consideration exists in the Lebesgue sense if it is finite when the corresponding integrand is replaced by its absolute value.
Norm Estimates of k-Plane Transforms and Affine Sections of Measurable Sets
In this section we review basic facts related to the action of k-plane transforms (1.2) and (j, k)-transforms (1.3) in weighted and unweighted L p spaces and derive some integral-geometric inequalities for affine sections of measurable sets in R n . Our main concern is sharp constants in the corresponding inequalities. 
.
Some comments are in order.
1. The assumptions for µ and ν in these theorems are best possible. Theorem 2.1 is formally contained in Theorem 2.2, in particular,
2. Theorems 2.1 and 2.2 were obtained in [55] as consequences of the corresponding norm inequalities for functions. For example, to prove (2.2), we established that
. It means that (2.5) is sharp in the class of nonnegative functions in L p µ (R n ), which is smaller than the entire space L p µ (R n ). This remark will guarantee the sharpness of geometric inequalities in Subsection 4.2.
3. In the case p = 1, we have exact equalities
where µ > k − n, 12) are available for some f when p = 1. It may be a challenging open problem.
We do not know if the exact equalities
||R k f || L p ν (A n,k ) = ω k,p,µ (n) ||f || L p µ (R n ) , (2.11) ||R j,k f || L p ν (A n,k ) = ω j,k,p,µ (n) ||f || L p µ (A n,j ) ,(2.
5.
One can easily find asymptotics of the norms (2.2) and (2.4) as n → ∞. Indeed, the well-known property of gamma functions
(see, e.g., [69] ) yields
and this bound is sharp. By (2.8) with µ = 0, R j,k acts as a linear bounded operator from L 1 (A n,j ) to L 1 (A n,k ) with the operator norm 1. Further, by the scaling argument (cf. [65, p. 118] ), if the estimate
holds for every f ∈ L p (A n,j ) with a constant c independent of f , then, necessarily,
It means that the set of all pairs (1/p, 1/q) which are admissible in (2.15), is a subset of the half-open segment (P, Q] in [0, 1] × [0, 1] connecting the points P = ((k − j)/(n − j), 0) and Q=(1,1). To achieve the desired boundedness result, the segment (P, Q] must be replaced by the smaller closed segment [P , Q] withP = ((k + 1)/(n + 1), 1/(n + 1)), and we have the following theorem.
The equality sign in (2.17) holds if and only if
where c = const and M is an invertible affine map.
This remarkable theorem combines results of several authors. The estimate (2.17) with unspecified numeric constant is due to Oberlin and Stein [48] , Christ [11] , and Drury [19, 20, 22] . The question of optimal constant and extremizers in (2.17) was first considered by Baernstein and Loss [2] who made several important conjectures regarding (2.17) and related problems. A sharp constant Ω k (n) was found by Drouot [16] . The equality case in (2.17) for k = n − 1 was studied by Christ [12] . The choice of the extremizer (2.18) for all 0 < k < n was justified by Drouot [16, 17] and Flock [24] .
The estimate (2.17) extends to all 1 ≤ p ≤ (n + 1)/(k + 1) by interpolation and the bound (n + 1)/(k + 1) is sharp.
To the best of our knowledge, a complete analogue of Theorem 2.3 for (j, k)-transforms is unknown, and we formulate the following conjecture.
where
is the norm of the operator R j,k . The equality sign in (2.19) holds if and only if
where c = const and M is an invertible affine map. [22, formula (12) ]. Conjecture 2.4 is partly motivated by the following lemma, according to which
where all parameters have the same meaning as in Conjecture 2.4.
Note also that
(use, e.g., [33, formula 3.196 (2)]). Similarly,
This gives (2.23). 
where f | τ is the restriction of f onto τ .
Volume Estimates for
Cross-Sections of Sets in R n . Inequalities for Radon transforms in the previous subsections give rise to a series of estimates for cross-sections of measurable subsets of R n . The only restriction on these subsets is the finiteness of the right-hand side in the corresponding estimates. The estimates contain several parameters that can be chosen depending on our need.
, and Theorem 2.1 yields the following statement.
where ω k,p,µ (n) is defined by (2.1), so that
Note that the principal term of the asymptotics of ω k,p,µ (n) is independent of µ. The case µ = 0 gives the following corollary.
Remark 2.10. If p = 1, µ > k − n, then (2.7) yields an explicit equality
where ω k,1,µ (n) is a constant (2.9). In particular, for µ = 0,
which is a well-known consequence of Fubini's theorem.
More generally, assuming ζ ∈ A n,j , τ ∈ A n,k , 0 ≤ j < k < n, and setting
Now, Theorem 2.2 gives the following inequality for mean volumes of cross-sections of different dimensions:
Here µ, ν, p and ω j,k,p,µ (n) have the same meaning as in Theorem 2.2.
Unweighted Estimates. The inequality (2.17) yields
A more general inequality follows from (2.19) and has the form 
with equality when k > 1 if and only if S is an n-dimensional ellipsoid, modulo a set of measure zero, and when k = 1 if and only if S is a convex body, modulo a set of measure zero.
The estimate (2.33) is sharper than (2.31) and agrees with (2.24). A more general inequality
where S is a convex body and m ∈ {1, . . . , n} is due to Schneider [60] . Note that (2.33) and (2.34) assume the set S to be bounded, while (2.31) holds for arbitrary (not necessarily bounded) measurable set of finite measure. to mention a few. Below we recall the reasoning from our paper [54] which has proved to be especially helpful in the general context of Grassmannians.
Transition from
We consider the Euclidean space R n = Re 1 ⊕. . .⊕Re n as a coordinate hyperplane in
. To each affine kplane τ in R n we associate a (k + 1)-dimensional linear subspace τ 0 in R n+1 containing the "lifted" plane τ + e n+1 . This leads to a map
is the geodesic distance (on S n ) between the north pole e n+1 and the k-dimensional totally geodesic submanifold S n ∩ τ 0 , then
In a similar way, we define a map γ j by
and denote
The maps γ j and γ k are one-to-one up to the corresponding subsets of measure zero. For 0 ≤ j < k < n, consider the Funk type transform
that integrates g(ζ 0 ) over the set of all (j + 1)-dimensional linear subspaces of τ 0 against the canonical probability measure on G j+1 (τ 0 ). If j = 0, (3.5) is the classical Funk transform of even functions on S n [36, 56] .
The following statement is a reformulation of Lemmas 3.2 and 3.4 from [54] adapted to our notation.
(3.10) 3.1. Unweighted Estimates. Lemma 3.1 implies the following statement.
12)
Proof. Denote by I and J the left-hand sides of (3.12) and (3.13), respectively. By (3.10) (with k replaced by j),
Similarly,
and
Proof. (i) Using successively (3.13), (3.7) and (3.12), we obtain
Hence, ||R j,k || ≤ (ab/c) ||F j+1,k+1 || = Ω j,k (n)||F j+1,k+1 ||. The left inequality in (3.14) mimics (2.22).
(ii) The successive use of (3.8), (3.13) and (3.12) yields
The left inequality in (3.15) follows from the obvious equality ||F j+1,k+1 1|| q = ||1|| p = 1.
The inequalities (3.14) and (3.15) imply the following statement.
Corollary 3.4. Suppose that Conjecture 2.4 is true. Then, for all 0 ≤ j < k < n,
in the corresponding L p -L q setting, as in Theorem 3.3. In particular, if ||F j+1,k+1 || = 1, then ||R j,k || = Ω j,k (n).
In view of forthcoming applications, for the sake of convenience we replace n by n−1, k by k−1, and j by j−1. Then for all 0 ≤ j < k < n, Corollary 3.4 implies
If Conjecture 2.4 is true, this inequality is sharp. A similar inequality without sharp constant was outlined by Drury [22, formula (10) Remark 3.5. The case j = 0 deserves particular mentioning. By Theorem 2.3, ||R k || = Ω k (n). Hence (3.16) yields
Identifying functions on G n,1 with even functions on S n−1 and noting that
is the Funk type transform that integrates ϕ over (k − 1)-dimensional geodesics S n−1 ∩ τ 0 with respect to the corresponding probability measure [36, p. 133] , we obtain a sharp inequality
Because odd functions are annihilated by F k , the assumption of evenness of ϕ can be dropped. Indeed, setting ϕ = ϕ + + ϕ − , where 3.2. Weighted Estimates. We combine Lemma 3.1 with Theorem 2.2 and replace n + 1 by n, k + 1 by k, and j + 1 by j, respectively. This gives the following statement.
Suppose that 
. 
Proof. Let
By Theorem 2.2,
Our aim is to covert A and B into the corresponding integrals over compact Grassmannians with R j,k f represented by the relevant Funk type transform. We make use of (3.9) with k replaced by j and τ by ζ. Setting
we obtain
To transform A, we observe that by (3.7),
Hence, by (3.7) and (3.9),
Now we change the notation by setting ϕ(ζ 0 ) = (Λ j ρ
. Then obvious simplification allows us to write (3.22) in the form
To complete the proof, it remains to replace n + 1 by n, k + 1 by k, and j + 1 by j. The equality sign in (3.20) , when p = 1, holds by comment 3 in Subsection 2.1.
Let us set ϕ = F j ψ in (3.20) , where ψ is a function on S n−1 . Using the equality F j,k F j ψ = F k ψ, we obtain the following result.
Corollary 3.7. Let j, k, n, α, β and c be the same as in Theorem 3.6. Then
(3.25) provided that the integral on the right-hand side exists in the Lebesgue sense.
For further purposes, we formulate a particular case of Theorem 3.6 corresponding to j = 1, when a function ϕ on G n,1 can be identified with an even function on S n−1 and the evenness restriction can be dropped, as we did in (3.19) .
and suppose that
Then for every measurable function ϕ on S n−1 ,
26) where c 1 is a sharp constant having the form
(3.27) If p = 1, (3.26) becomes an explicit equality. Specifically,
Choosing µ, ν, p, k and n in Theorem 3.8 in a suitable way, one can obtain a series of new inequalities with sharp constants.
Example 3.9. Let ν = 0, p = n. Then (3.26) yields
Another result can be obtained if we apply Theorem 3.6 to functions of the form ϕ = F j ψ which are Funk transforms over (j−1)-dimensional geodesics in S n−1 . Noting that F j,k ϕ = F j,k F j ψ = F k ψ, we obtain the following inequality connecting Funk transforms over geodesics of different dimensions.
Theorem 3.10. Suppose that j, k, µ, ν, p, α, β and c have the same meaning as in Theorem 3.6. Then
Cross-Sections of Star Sets
4.1. Preliminaries. Theorems of the previous section imply a host of geometric inequalities and equalities. Below we give some examples. But first we need to establish terminology and recall some known facts. A subset L of R n is called a star set (with respect to the origin) if λx ∈ L for every x ∈ L and every λ ∈ [0, 1]. A star set L is uniquely determined by its radial function
Everywhere in the following, we assume the set L to be good enough so that the Lebesgue integrals on the right-hand side of our formulas are finite. It means that ρ L belongs to the corresponding Lebesgue space on the sphere. For example, Klain [38, Definition 2.3] 
For every star set L ⊂ R n , the volume (i.e., the Lebesgue measure) of L can be expressed in polar coordinates as
Similarly, for 0 < k < n and τ 0 ∈ G n,k , the volume of the central
where F k is the Funk transform (3.18). The corresponding p-means
were introduced by Lutwak [40, 41] and have proved to be useful in various geometrical considerations; see, e.g., [13] , [26, Section 9.4 and Note 9.7 on p. 384]. Natural generalizations of (4.1) and (4.2) are mth dual elementary mixed volumes (or mth dual Quermassintegrals)
which were introduced by Lutwak [39, 42] and studied by many authors; see, e.g., [6, p. 158] , [26, p. 409] and references therein. In particular, (4.4)-(4.5) naturally arise in the study of the Busemann-Petty type comparison problems for convex bodies [35, 59] . The quantity (4.4) can also be treated as the m-homogeneous rotation invariant valuation [1, 38] . Clearly,
By the well-known property of the Funk transform [52] ,
(4.4) and (4.2) yieldṼ
and make use of (4.4) and (4.5)). 4.2. Weighted Estimates. We start with the following Remark 4.1. All inequalities in this subsection hold with sharp constants. The sharpness is guaranteed by comment 1 in Subsection 2.1 because every nonnegative function on the sphere can be regarded as a radial function of some star set. One should note that if we impose additional restrictions on the class of star sets, rather than finiteness of the corresponding integrals, the sharpness of the constants becomes unknown. For example, we do not know if our constants are sharp in the class of star bodies, when ρ L is continuous.
If L is a star set, we can apply Theorem 3.8 to functionals (4.1)-(4.5). For example, setting ϕ = ρ m L in (3.26) and using (4.5), we obtain
where α 1 , β 1 , k, p, τ 0 and c 1 are the same as in (3.26) . If p = 1, (4.9) becomes an explicit equality
whereα 1 ,β 1 andc 1 have the same meaning as in (3.28) . For the sake of convenience, we recall
If µ = 0, (4.10) becomes
In particular, if m = k, (4.6) yields
Further, choosing p = n/k and µ = 0 in (4.9), we obtain
where all parameters have the same meaning as in (3.26) . In particular, for p = n/k and µ = 0,
where α 2 and c 2 are the same as in (4.13). We conclude this subsection by exhibiting a nice inequality for central sections of different dimensions. This inequality follows from (3.25), (4.2), and (4.5), if we set ψ = ρ j L . Specifically, 
or, by (4.1) and (4.2),
The inequality (4.18) has an interesting history. If k = n − 1 and L is a convex body, it was proved by Busemann [7] , and is known as the Busemann intersection inequality. The case of convex bodies with any 0 < k < n is due to Busemann and Straus [8] and Grinberg [30] ; see also Gardner [26, Corollary 9.4.5] . The equality sign in (4.18) yields the celebrated Furstenberg-Tzkoni formula [25, 46] for ellipsoids. Further progress was made in Gardner's work [27] , where (4.18) was extended to arbitrary bounded Borel subsets of R n . Our approach to (4.18) , that relies on the corresponding inequality for the k-plane transform, shows that (4.18) actually holds for arbitrary (not necessarily bounded) star set L of finite measure.
For applications of (4.18), the reader is referred to [10, 13, 15, 26, 27, 50, 51, 70] . A similar inequality on the sphere and the hyperbolic spaces was studied by Dann, Kim and Yaskin [14] .
Following Lutwak's observation [43, p. 162 , (3)], one can proceed in the opposite direction that may give an alternative proof of the DruryChrist-Drouot inequality (2.17). Suppose that (4.18) has been proved "geometrically" for star bodies L with smooth boundary. Then, given a smooth nonnegative function ϕ on S n−1 , we can define a star set L with the radial function ρ L = ϕ 1/k and get ||F k ϕ|| n ≤ ||ϕ|| n/k . The density argument extends this estimate to all ϕ ∈ L n/k (S n−1 ), and the stereographic projection in Theorem 3.3 yields (2.17).
Further, for all 1 ≤ j < k < n, setting ϕ( (3.17) and using the equality
we arrive at the following conjecture generalizing (4.18).
Conjecture 4.2. For any measurable star set L in R n and any 1 ≤ j < k < n, Here m is an arbitrary real number for which the integral on the righthand side exists in the Lebesgue sense.
If (4.19) and (4.20) are true, they are sharp because ϕ ≡ 1 yields the equality sign in (3.17) .
